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We analyze the Riemannian geometry of almost α-Kenmotsu manifolds, focusing on
local symmetries and on some vanishing conditions for the Riemannian curvature. If
the characteristic vector ﬁeld of an almost α-Kenmotsu structure belongs to the so-
called (κ,μ)′-nullity distribution, κ < −α2, then the Riemannian curvature is completely
determined. These manifolds provide a special case of a wider class of almost α-Kenmotsu
manifolds, for which an operator h′ associated to the structure is η-parallel and has
constant eigenvalues. All these manifolds are locally warped products. Finally, we give a
local classiﬁcation of almost α-Kenmotsu manifolds, up to D-homothetic deformations.
Under suitable conditions, they are locally isomorphic to Lie groups.
© 2011 Elsevier B.V. All rights reserved.
0. Introduction
The aim of this paper is to provide an overview of the geometry of a special class of almost contact metric manifolds,
called almost α-Kenmotsu manifolds. An almost α-Kenmotsu manifold is an almost contact metric manifold M2n+1 with
structure (ϕ, ξ,η, g) such that
dη = 0, dΦ = 2αη ∧ Φ, (1)
where α is a non-zero real constant and Φ is the fundamental 2-form associated to the structure [14,13]. If the structure is
normal, M2n+1 is called an α-Kenmotsu manifold. If α = 1 we speak of almost Kenmotsu manifolds, or Kenmotsu manifolds in
the normal case.
Kenmotsu manifolds have been introduced and studied by K. Kenmotsu in 1972 [12]: they set up one of the three
classes of almost contact metric manifolds whose automorphism group attains the maximum dimension [16]. The geometry
of almost Kenmotsu manifolds has been investigated in [9–11], where the authors study the Riemannian curvature of these
manifolds under the hypothesis of local Riemannian symmetry, or supposing the characteristic vector ﬁeld to belong to some
nullity distributions, or also under the hypothesis of η-parallelism of some structure tensors. Most of the results contained
in [9–11] can be easily generalized to the class of almost α-Kenmotsu manifolds, where α is a non-zero real number.
We prefer to treat this general case, since the class of all almost α-Kenmotsu manifolds is preserved by D-homothetic
deformations and we are interested in studying geometric properties which are invariant under these deformations. Under
suitable conditions, we can also obtain a classiﬁcation of these spaces up to D-homothetic deformations [8]. All the results
provide interesting comparisons with the geometry of contact metric manifolds, which has been largely studied in literature.
E-mail address: dileo@dm.uniba.it.0926-2245/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.difgeo.2011.04.008
G. Dileo / Differential Geometry and its Applications 29 (2011) S58–S64 S591. Almost α-Kenmotsu manifolds
An almost contact structure on a differentiable manifold M2n+1 is given by a tensor ﬁeld ϕ of type (1,1), a vector ﬁeld ξ
and a 1-form η satisfying
ϕ2 = −I + η ⊗ ξ, η(ξ) = 1,
which imply that ϕ(ξ) = 0 and η ◦ ϕ = 0. On the product manifold M2n+1 × R one can deﬁne an almost complex structure
J by J (X, f ddt ) = (ϕX − f ξ,η(X) ddt ), where X is a vector ﬁeld tangent to M2n+1, t is the coordinate of R and f is a C∞
function on M2n+1 × R. If J is integrable, the almost contact structure is said to be normal and it is known that this is
equivalent to the vanishing of the tensor ﬁeld N = [ϕ,ϕ] + 2dη ⊗ ξ , where [ϕ,ϕ] is the Nijenhuis torsion of ϕ [1,2].
Given an almost contact structure, one can associate in a natural manner an almost CR structure (D,ϕ|D), where D :=
Ker(η) = Im(ϕ) is the distribution of rank 2n transversal to the characteristic vector ﬁeld ξ . If this almost CR structure
is integrable, the manifold M2n+1 is said to be CR-integrable. It is known that normal almost contact manifolds are CR-
manifolds.
An almost contact metric structure (ϕ, ξ,η, g) is given by an almost contact structure and a Riemannian metric g satisfying
g(ϕX,ϕY ) = g(X, Y ) − η(X)η(Y ) for any vector ﬁelds X and Y . The characteristic vector ﬁeld ξ is unitary with respect to
g and orthogonal to the distribution D. The fundamental 2-form Φ is deﬁned by Φ(X, Y ) = g(X,ϕY ) for any vector ﬁelds
X and Y . A class of almost contact metric manifolds which has been largely studied in literature is given by contact metric
manifolds deﬁned by the condition Φ = dη. If, furthermore, the structure is normal, the manifold is a Sasakian manifold.
Here we study almost α-Kenmotsu manifolds, deﬁned as almost contact metric manifolds with structure (ϕ, ξ,η, g)
satisfying (1). One can obtain important information on the geometry of these manifolds by the (1,1)-tensor ﬁeld
h′ := 1
2α
(Lξϕ) ◦ ϕ,
where L denotes the Lie differentiation. This operator satisﬁes h′(ξ) = 0, it is symmetric and anticommutes with ϕ . If X is
an eigenvector of h′ with eigenvalue λ, then ϕX is an eigenvector with eigenvalue −λ, and thus λ and −λ have the same
multiplicity. If λ = 0, we denote by [λ] the distribution of the eigenvectors of h′ with eigenvalue λ; if λ = 0, we denote
by [0] the distribution of the eigenvectors of h′ with eigenvalue 0 and orthogonal to ξ , which has even rank. The Levi-
Civita connection of the Riemannian metric g satisﬁes ∇ξϕ = 0, which implies that ∇ξ ξ = 0 and ∇ξ X ∈ D for any X ∈ D.
Moreover ∇Xξ = α(X + h′X − η(X)ξ) for any vector ﬁeld X .
From (1) it follows that the distribution D is integrable with almost Kähler leaves. The mean curvature vector ﬁeld of the
integral manifolds of D is H = −αξ and these manifolds are totally umbilical if and only if h′ = 0 [13]. As a consequence,
we can state the following result:
Theorem 1. Let (M2n+1,ϕ, ξ,η, g) be an almost α-Kenmotsu manifold such that h′ = 0. Then M2n+1 is locally a warped product
M ′ × f N2n, where N2n is an almost Kähler manifold, M ′ is an open interval with coordinate t, f = ceαt , for some positive constant c.
An almost α-Kenmotsu structure is CR-integrable if and only if the tensor N vanishes on D, or equivalently, the integral
manifolds of D are Kähler manifolds. In terms of the Levi-Civita connection, the CR-integrability of the structure can be
characterized by the condition
(∇Xϕ)(Y ) = αg
(
ϕX + ϕh′X, Y )ξ − αη(Y )(ϕX + ϕh′X)
for all vector ﬁelds X, Y , which is equivalent to the η-parallelism of the tensor ﬁeld ϕ , that is g((∇Xϕ)Y , Z) = 0 for any
vector ﬁelds X, Y , Z orthogonal to ξ . Under the hypothesis of CR-integrability, the normality condition is characterized by
the vanishing of the operator h′ .
Proposition 1. Let (M2n+1,ϕ, ξ,η, g) be an almost α-Kenmotsu manifold such that the integral manifolds of D are Kähler. Then,
M2n+1 is an α-Kenmotsu manifold if and only if h′ = 0. Hence, a 3-dimensional almost α-Kenmotsu manifold such that h′ = 0 is an
α-Kenmotsu manifold.
From Theorem 1 and Proposition 1 it follows that an α-Kenmotsu manifold M2n+1 is locally a warped product of type
M ′ × f N2n , where M ′ is an open interval, N2n is a Kähler manifold and f = ceαt , for some positive constant c, which
generalizes a result of K. Kenmotsu for Kenmotsu manifolds [12].
2. Locally symmetric almost α-Kenmotsu manifolds
Let (M2n+1,ϕ, ξ,η, g) be an almost α-Kenmotsu manifold. An easy computation shows that the Riemannian curvature
satisﬁes
RXY ξ = α2
(
η(X)
(
Y + h′Y )− η(Y )(X + h′X))+ α((∇Xh′)Y − (∇Y h′)X)
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Rξ Xξ = α2
(−ϕ2X + 2h′X + h′2X)+ α(∇ξh′)X . (2)
If the Riemannian manifold is locally symmetric, one can prove that the operator h′ satisﬁes ∇ξh′ = 0, and from (2) it
follows that for any unit eigenvector X of h′ with eigenvalue λ, the ξ -sectional curvature is given by
K (ξ, X) = −α2(1+ λ)2.
Hence, Ric(ξ, ξ) < 0. The geometry of a locally symmetric almost α-Kenmotsu manifold is quite different in the two
cases with vanishing or non-vanishing h′ [9]. Indeed, we have the following results.
Theorem 2. Let (M2n+1,ϕ, ξ,η, g) be a locally symmetric almost α-Kenmotsu manifold. Then, M2n+1 is an α-Kenmotsu manifold if
and only if h′ = 0; in this case the manifold has constant sectional curvature k = −α2 .
Given an almost α-Kenmotsu manifold of constant curvature k, it can be proved that h′ = 0, and the above theorem
implies that the structure is normal and k = −α2. In the case of non-vanishing h′ we have:
Theorem 3. Let (M2n+1,ϕ, ξ,η, g) be a locally symmetric almost α-Kenmotsu manifold with h′ = 0. Then the operator h′ admits the
eigenvalues +1 and −1. If, moreover, the Riemannian curvature satisﬁes
R XY ξ = 0 for any X, Y ∈ D, (3)
then the spectrum of h′ is {0,1,−1}, with 0 as simple eigenvalue. The distributions [ξ ] ⊕ [+1] and [−1] are integrable with totally
geodesic leaves and M2n+1 is locally isometric to the Riemannian product of an (n + 1)-dimensional manifold of constant curvature
−4α2 and a ﬂat n-dimensional manifold.
Comparing with the geometry of contact metric spaces, we recall that in [6] E. Boeckx and J.T. Cho proved that a locally
symmetric contact metric space is either Sasakian of constant curvature 1 or locally isometric to the Riemannian product
R
n+1× Sn(4), where Sn(4) is the n-dimensional sphere of curvature 4. One could wonder if it is possible to remove condition
(3) from the hypotheses of Theorem 3, i.e. we can state the following question: is a locally symmetric almost α-Kenmotsu
manifold either α-Kenmotsu of constant curvature −α2 or locally isometric to the product Hn+1(−4α2) × Rn?
3. Nullity distributions
Independently on the hypothesis of local symmetry, it is of some interest considering almost α-Kenmotsu manifolds
for which the Riemannian curvature satisﬁes condition (3). Many authors have investigated the geometry of contact metric
manifolds whose characteristic vector ﬁeld belongs to the (κ,μ)-nullity distribution, i.e. for some real numbers κ and μ
the Riemannian curvature satisﬁes
RXY ξ = κ
(
η(Y )X − η(X)Y )+ μ(η(Y )hX − η(X)hY )
for any vector ﬁelds X, Y , where h is the (1,1)-tensor ﬁeld deﬁned by 2h := Lξϕ . In [3] it is proved that a contact metric
manifold satisfying this condition is CR-integrable. Furthermore, κ  1. If κ = 1, then h = 0 and the structure is Sasakian. If
κ < 1, then the Riemannian curvature of the manifold is completely determined.
For the class of almost α-Kenmotsu manifolds we have the following result:
Theorem 4. Let (M2n+1,ϕ, ξ,η, g) be an almost α-Kenmotsu manifold. Let us suppose that ξ belongs to the (κ,μ)-nullity distribu-
tion, (κ,μ) ∈ R2 . Then κ = −α2 , h = 0 and M2n+1 is locally a warped product of an almost Kähler manifold and an open interval. If
furthermore, M2n+1 is locally symmetric, then it is locally isometric to the hyperbolic space H2n+1(−α2) of constant curvature −α2 .
We consider now another type of nullity distributions deﬁned by introducing a condition on the Riemannian curvature
which involves the operator h′ instead of h [10]. We say that the characteristic vector ﬁeld ξ of an almost α-Kenmotsu
structure belongs to the (κ,μ)′-nullity distribution, (κ,μ) ∈ R2, if for any vector ﬁelds X, Y ,
RXY ξ = κ
(
η(Y )X − η(X)Y )+ μ(η(Y )h′X − η(X)h′Y ). (4)
In this case we have:
Theorem 5. Let (M2n+1,ϕ, ξ,η, g) be an almost α-Kenmotsu manifold such that ξ belongs to the (κ,μ)′-nullity distribution. Then
κ −α2 .
If κ = −α2 , then h′ = 0 and M2n+1 is locally a warped product of type M ′ × f N2n, where N2n is an almost Kähler manifold, M ′ is
an open interval with coordinate t, f = ceαt , for some positive constant c.
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manifolds of D are Kähler manifolds. The distributions [λ] and [−λ] are integrable with totally umbilical leaves; the distributions
[ξ ] ⊕ [λ] and [ξ ] ⊕ [−λ] are integrable with totally geodesic leaves. Finally, M2n+1 is locally isometric to the warped products
Bn+1
(
κ + 2α2λ)× f Rn, Hn+1(κ − 2α2λ)× f ′ Rn,
where Bn+1(κ + 2α2λ) is a space of constant curvature κ + 2α2λ  0, tangent to the distribution [ξ ] ⊕ [−λ], Hn+1(κ − 2α2λ) is
the hyperbolic space of constant curvature κ − 2α2λ < −α2 , tangent to the distribution [ξ ]⊕ [λ], f = ceα(1+λ)t and f ′ = c′eα(1−λ)t ,
with c, c′ positive constants.
Under the hypotheses of the above theorem, if λ = 1 then both the distributions [ξ ] ⊕ [+1] and [−1] are integrable
with totally geodesic leaves and the manifold turns out to be locally isometric to the Riemannian product Hn+1(−4α2) ×
R
n . Conversely, supposing that M2n+1 is locally symmetric, then, by Theorem 3, λ = 1 and M2n+1 is locally isometric to
H
n+1(−4α2) × Rn . Hence, we have:
Corollary 1. Let (M2n+1,ϕ, ξ,η, g) be an almost α-Kenmotsu manifold such that h′ = 0 and ξ belongs to the (κ,μ)′-nullity distri-
bution, μ = −2α2 . Then M2n+1 is locally symmetric if and only if Spec(h′) = {0,1,−1}, or equivalently κ = −2α2 , in which case the
manifold is locally isometric to Hn+1(−4α2) × Rn.
4. η-parallel structures
For an almost α-Kenmotsu manifold (M2n+1,ϕ, ξ,η, g) with characteristic vector ﬁles ξ belonging to the (κ,μ)′-nullity
distribution, the operator h′ associated to the structure is η-parallel, i.e.
g
((∇Xh′)Y , Z = 0)
for any vector ﬁelds X, Y , Z orthogonal to ξ .
The interest in studying the η-parallelism of the structure tensors of an almost contact metric structure belongs to the
characterization of the CR-integrability of the structure. Indeed, both for contact metric manifolds and almost α-Kenmotsu
manifolds, CR-integrability can be characterized by g((∇Xϕ)Y , Z) = 0 for all vector ﬁelds X, Y , Z orthogonal to ξ , that is
requiring the structure tensor ϕ to be η-parallel. In [5] the authors study contact metric manifolds for which the tensor
h is η-parallel, i.e. g((∇Xh)Y , Z) = 0 for all vector ﬁelds X, Y , Z orthogonal to ξ . Supposing h = 0, which means that the
manifold is not K -contact, they prove that the tensor h is η-parallel if and only if the characteristic vector ﬁeld ξ belongs
to the (κ,μ)-nullity distribution for some constants κ and μ. We also recall that these spaces are CR-integrable.
Now, if we consider almost α-Kenmotsu manifolds with η-parallel h′ , it can be veriﬁed that this condition is not equiv-
alent to (4). Indeed, the η-parallelism of h′ does not imply the CR-integrability of the structure, as we can deduce from the
following theorem and from Example 3 [11].
Theorem 6. Let (M2n+1,ϕ, ξ,η, g) be an almost α-Kenmotsu manifold such that h′ is η-parallel. Then the eigenvalues of the operator
h′ are constant along the distribution D. Let {0, λ1,−λ1, . . . , λr,−λr} be the spectrum of h′ , with λi > 0. Then an integral submanifold
M˜ of D is locally the Riemannian product
M0 × Mλ1 × M−λ1 × · · · × Mλr × M−λr ,
where M0 , Mλi and M−λi are integral submanifolds of [0], [λi] and [−λi] respectively. Moreover, M0 is an almost Kähler manifold
and, for each i ∈ {1, . . . , r}, Mλi × M−λi is a bi-Lagrangian Kähler manifold. Finally, the structure is CR-integrable if and only if 0 is a
simple eigenvalue or M0 is a Kähler manifold.
In addition to the η-parallelism, the operator h′ of an almost α-Kenmotsu (κ,μ)′-space satisﬁes ∇ξh′ = 0. In fact, almost
α-Kenmotsu manifolds for which the operator h′ is η-parallel and satisﬁes ∇ξh′ = 0 are locally warped products as stated
in the following theorem.
Theorem 7. Let (M2n+1,ϕ, ξ,η, g) be an almost α-Kenmotsu manifold such that h′ is η-parallel and ∇ξh′ = 0. Then the eigenvalues
of the operator h′ are constant. Let {0, λ1,−λ1, . . . , λr,−λr} be the spectrum of h′ , with λi > 0. Then M2n+1 is locally the warped
product
M ′ × f0 M0 × f1 Mλ1 ×g1 M−λ1 × f2 · · · × fr Mλr ×gr M−λr , (5)
where M ′ is an open interval, M0 , Mλi and M−λi are integral submanifolds of the distributions [0], [λi] and [−λi] respectively. The
warping functions are f0 = c0eαt , f i = cieα(1+λi)t and gi = c′ieα(1−λi)t , with c0 , ci and c′i positive constants. Finally, M0 is an almost
Kähler manifold and the structure is CR-integrable if and only if 0 is a simple eigenvalue or M0 is a Kähler manifold.
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is integrable with totally geodesic leaves which inherit an almost α-Kenmotsu structure from M2n+1. If λ = 0, then the
distribution [ξ ] ⊕ [λ] ⊕ [−λ] reduces to [ξ ] ⊕ [0] and the leaves are local warped products M ′ × f0 M0. If λ > 0 then the
leaves of [ξ ] ⊕ [λ] ⊕ [−λ] are almost α-Kenmotsu manifolds with characteristic vector ﬁeld belonging to the (κ,μ)′-nullity
distribution, with κ = −α2(1+λ2) and μ = −2α2. By Theorem 5, the leaves of [ξ ]⊕[λ] have constant Riemannian curvature
κ − 2α2λ and the leaves of [ξ ] ⊕ [−λ] have constant Riemannian curvature κ + 2α2λ.
We describe now some examples of almost α-Kenmotsu manifolds satisfying the geometric properties introduced until
now.
Example 1. Let {ξ, X1, . . . , Xn, Y1, . . . , Yn} be the standard basis of R2n+1 and let λ1, . . . , λn be nonnegative and not all
vanishing real numbers, not necessarily distinct. Denote by g the Lie algebra obtained deﬁning, for any i, j = 1, . . . ,n,
[ξ, Xi] = −[Xi, ξ ] = −α(1+ λi)Xi, [ξ, Yi] = −[Yi, ξ ] = −α(1− λi)Yi,
[Xi, X j] = [Xi, Y j] = [Yi, X j] = [Yi, Y j] = 0.
We consider the endomorphism ϕ : g→ g and the 1-form η : g→ R such that
ϕ(ξ) = 0, ϕ(Xi) = Yi, ϕ(Yi) = −Xi, η(ξ) = 1, η(Xi) = η(Yi) = 0,
for any i = 1, . . . ,n, and denote by g the inner product on g such that the basis {ξ, Xi, Yi} is orthonormal. Let G be a
connected Lie group with Lie algebra g. The vectors ξ , Xi , Yi determine left-invariant vector ﬁelds on G , which we denote
in the same manner. Moreover, the tensors deﬁned on g determine a left invariant almost α-Kenmotsu structure (ϕ, ξ,η, g)
on G such that the operator h′ associated to the structure is η-parallel and satisﬁes ∇ξh′ = 0. Each Xi is an eigenvector of
h′ with eigenvalue λi and each Yi is an eigenvector with eigenvalue −λi .
Example 2. Considering the Lie group G described in Example 1, if λ1 = · · · = λn = λ, we get an example of an almost α-
Kenmotsu structure with characteristic vector ﬁeld ξ belonging to the (κ,μ)′-nullity distribution, with κ = −α2(1+λ2) and
μ = −2α2. For λ = 1 we get a locally symmetric almost α-Kenmotsu manifold, which is locally isometric to the Riemannian
product Hn+1(−4α2) × Rn .
Example 3. Let G be the Lie group deﬁned in Example 1, endowed with the almost α-Kenmotsu structure (ϕ¯, ξ¯ , η¯, g¯), for
which h¯′ is η¯-parallel. Suppose dim(G) = 2m + 1, m 1. Let (M0, J0, g0) be a strictly almost Kähler manifold of dimension
2p > 2. On the product manifold M2n+1 = G × M0, n =m + p, we consider the vector ﬁeld ξ = (ξ¯ ,0) and deﬁne the tensor
ﬁeld ϕ of type (1,1) and the 1-form η such that
ϕ( X¯) = ϕ¯( X¯), ϕ(X0) = J0(X0), η( X¯) = η¯( X¯), η(X0) = 0,
for any vector ﬁelds X¯ tangent to G and X0 tangent to M0. We also consider the Riemannian metric g = g¯ + ce2αt g0,
where c is a positive real number and ξ = ∂
∂t . Then (ϕ, ξ,η, g) is an almost α-Kenmotsu structure on M
2n+1 which is not
CR-integrable and such that h′ is η-parallel.
5. Classiﬁcation up toD-homothetic deformations
A D-homothetic deformation of an almost contact metric structure (ϕ, ξ,η, g) is a change of the structure tensors of the
form
ϕ¯ = ϕ, ξ¯ = 1
β
ξ, η¯ = βη, g¯ = βg + β(β − 1)η ⊗ η, (6)
where β is a positive constant. These deformations were introduced by Tanno in [15] and largely studied for the class of
contact metric manifolds. Indeed, for an almost contact metric structure, such a change preserves the property of being
contact metric, K -contact, Sasakian or strongly pseudo-convex CR, and the property for the characteristic vector ﬁeld of
a contact metric structure to belong to the (κ,μ)-nullity distribution [3]. In [4] E. Boeckx provides a full classiﬁcation of
non-Sasakian contact metric (κ,μ)-spaces up to D-homothetic deformations. He associates to each non-Sasakian (κ,μ)-
space M an invariant IM depending on the real numbers κ,μ, and provides an explicit example of such a space for every
dimension 2n + 1 and for every value of the invariant.
Now, if (M2n+1,ϕ, ξ,η, g) is an almost α-Kenmotsu manifold, applying deformation (6), one obtains an almost α
β
-
Kenmotsu structure. The operators h′ and h¯′ associated to the structures coincide. Denoting by ∇ and ∇¯ the Levi-Civita
connections of g and g¯ respectively, for all vector ﬁelds X, Y we have
∇¯X Y = ∇X Y + αβ − 1
(
g
(
X + h′X, Y )− η(X)η(Y ))ξ,β
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D-homothetic deformations. Furthermore, computing the relation between the Riemannian curvature tensors R and R¯ of g
and g¯ , one can verify that R¯ XY ξ = RXY ξ for every vector ﬁelds X, Y . Hence, if ξ belongs to the (κ,μ)′-nullity distribution,
then ξ¯ belongs to the (κ¯, μ¯)′-nullity distribution, with
κ¯ = κ
β2
, μ¯ = μ
β2
.
On a CR-integrable almost α-Kenmotsu manifold (M2n+1,ϕ, ξ,η, g) one can consider a special linear connection ∇˜ , called
canonical connection, which is invariant under D-homothetic deformations. It is the unique linear connection which paral-
lelizes all the tensor ﬁelds ϕ , ξ , η, g and such that the torsion T˜ satisﬁes
(a) T˜ (X, Y ) = 0, for any X, Y ∈ D,
(b) 2T˜ (ξ, X) = α(X + h′X), for any X ∈ D,
(c) T˜ξ is self-adjoint.
This canonical connection can be viewed as the analogue of the Tanaka–Webster connection in contact geometry. In [7]
E. Boeckx and J.T. Cho study Tanaka–Webster parallel spaces, i.e. CR-integrable contact metric manifolds for which the
Tanaka–Webster connection has parallel torsion and curvature tensors; they prove that these spaces are Sasakian locally
ϕ-symmetric spaces or non-Sasakian contact metric manifolds such that the characteristic vector ﬁeld belongs to the (κ,2)-
nullity distribution.
Considering the canonical connection ∇˜ of a CR-integrable almost α-Kenmotsu manifold, and denoting by T˜ and R˜ its
torsion and curvature tensors, the following result holds [8]:
Theorem 8. Let (M2n+1,ϕ, ξ,η, g) be a CR-integrable almost α-Kenmotsu manifold. Then the canonical connection satisﬁes ∇˜ T˜ = 0
and ∇˜ R˜ = 0 if and only if M2n+1 is an α-Kenmotsu manifold with constant Riemannian curvature k = −α2 or M2n+1 is locally
isometric to the warped product (5), where 0 is a simple eigenvalue of the operator h′ or the integral submanifolds of the distribution
[ξ ] ⊕ [0] have constant Riemannian curvature k = −α2 .
Using the parallelism with respect to the canonical connection of all the structure tensors and the torsion and cur-
vature tensors, it can be proved that the local geometry of the manifold is completely determined, up to D-homothetic
deformations, by the spectrum of the operator h′ . Indeed, we have:
Theorem 9. Let (M2n+1,ϕ, ξ,η, g) and (M¯2n+1, ϕ¯, ξ¯ , η¯, g¯) be CR-integrable almost α and almost α¯-Kenmotsu manifolds with
canonical connections ∇˜ and ˜¯∇ respectively. If ∇˜ and ˜¯∇ have parallel torsion and curvature tensors, then M2n+1 and M¯2n+1 are locally
equivalent as almost contact metric manifolds, up to D-homothetic deformations, if and only if the operators h′ and h¯′ associated to
the structures have the same eigenvalues with the same multiplicities.
Obviously, the above classiﬁcation is complete if for any odd dimension 2n+ 1 and for any nonnegative and not all van-
ishing real numbers λ1, . . . , λn , we give an example of a CR-integrable almost α-Kenmotsu manifold whose canonical con-
nection has parallel torsion and curvature tensors and such that the operator h′ has eigenvalues 0, λ1, . . . , λn,−λ1, . . . ,−λn .
The Lie group G described in Example 1 satisﬁes all these conditions. Indeed, the canonical connection associated to the
structure coincides with the left invariant connection on the Lie group, which has vanishing curvature and parallel torsion.
Now, if we consider an almost α-Kenmotsu manifold with h′ = 0 and ξ belonging to the (κ,μ)′-nullity distribution, μ =
−2α2, then the spectrum of h′ is {0, λ,−λ}, with 0 simple eigenvalue and λ =
√
−1− κ
α2
. As a consequence of Theorem 9,
we can associate to each almost α-Kenmotsu (κ,μ)′-space M2n+1, with h′ = 0, the real number
IM2n+1 =
κ
α2
< −1,
which classiﬁes such spaces up to D-homothetic deformations.
References
[1] D.E. Blair, Contact Manifolds in Riemannian Geometry, Lecture Notes in Math., vol. 509, Springer-Verlag, Berlin/New York, 1976.
[2] D.E. Blair, Riemannian Geometry of Contact and Symplectic Manifolds, Birkhäuser, Boston, 2002.
[3] D.E. Blair, T. Koufogiorgos, B.J. Papantoniou, Contact metric manifolds satisfying a nullity condition, Israel J. Math. 91 (1995) 189–214.
[4] E. Boeckx, A full classiﬁcation of contact metric (κ,μ)-spaces, Illinois J. Math. 44 (1) (2000) 212–219.
[5] E. Boeckx, J.T. Cho, η-parallel contact metric spaces, Differential Geom. Appl. 22 (2005) 275–285.
[6] E. Boeckx, J.T. Cho, Locally symmetric contact metric manifolds, Monatsh. Math. 148 (4) (2006) 269–281.
[7] E. Boeckx, J.T. Cho, Pseudo-Hermitian symmetries, Israel J. Math. 166 (2008) 125–145.
[8] G. Dileo, A classiﬁcation of certain almost α-Kenmotsu manifolds, Kodai Math. J., in press.
[9] G. Dileo, A.M. Pastore, Almost Kenmotsu manifolds and local symmetry, Bull. Belg. Math. Soc. Simon Stevin 14 (2007) 343–354.
S64 G. Dileo / Differential Geometry and its Applications 29 (2011) S58–S64[10] G. Dileo, A.M. Pastore, Almost Kenmotsu manifolds and nullity distributions, J. Geom. 93 (2009) 46–61.
[11] G. Dileo, A.M. Pastore, Almost Kenmotsu manifolds with a condition of η-parallelism, Differential Geom. Appl. 27 (2009) 671–679.
[12] K. Kenmotsu, A class of almost contact Riemannian manifolds, Tôhoku Math. J. 24 (1972) 93–103.
[13] T.W. Kim, H.K. Pak, Canonical foliations of certain classes of almost contact metric structures, Acta Math. Sin. (Engl. Ser.) 21 (4) (2005) 841–846.
[14] Z. Olszak, Locally conformal almost cosymplectic manifolds, Colloq. Math. 57 (1989) 73–87.
[15] S. Tanno, The topology of contact Riemannian manifolds, Illinois J. Math. 12 (1968) 700–717.
[16] S. Tanno, The automorphism groups of almost contact Riemannian manifolds, Tôhoku Math. J. 21 (1969) 21–38.
